The problem of designing an optimal regulator f o r a linear, discrete-time, state-space system w i t h l i n e a r s t a t e e q u a l i t y c o n s t r a i n t s is discussed. The concepts of complete maintainability and uniform complete maintainability are introduced and i n v e s t i g a t e d f o r t h e s e s y s t e m s .
uniform complete maintainability are introduced and i n v e s t i g a t e d f o r t h e s e s y s t e m s .
When the system is u n i f o r m l y c w p l e t e l y m a i n t a i n a b l e , i t i s demons t r a t e d that the optimal input policy is-governed by a linear feedback control law f o r q u a d r a t i c p e rformance c r i t e r i a .
I n t r o d u c t i o n
Sometimes one is i n t e r e s t e d i n d e t e r m i n i n g a n o p t i m a l c o n t r o l p o l i c y f o r a dynamic system that i s described by more r e l a t i o n s h i p s t h a n unknown state v a r i a b l e s . Optimal control problems involving these "rectangular" systems are frequently encount e r e d i n m o d e l i n g l o c a l c o n t r o l l e r s i n l a r g e -s c a l e systems or in system formulations where desired behavior is prescribed in the mathematical description. Usually such rectangular systems can be t r a n s l a t e d t o a state-space system with constraints on t h e states and inputs to the system. Optimal c o n t r o l i n t h e p r e s e n c e o f c o n s t r a i n t s h a s b e e n a d d r e s s e d t o some e x t e n t a t a t h e o r e t i c a l l e v e l . U n f o r t u n a t e l y t h e c h a r a c t e r i z a t i o n of t h e optimal solution provided by theorems l i k e t h e Pontryagin maximum principle does not automatically l e a d t o a convenient statement of optimal input p o l i c y , e i t h e r f o r t h e p u r p o s e o f e s t a b l i s h i n g existence or for computation.
One would u s u a l l y l i k e t o d e r i v e a feedback control law, which demons t r a t e s e x i s t e n c e and i s computationally convenient. T h e s e c o n s i d e r a t i o n s m o t i v a t e t h e i n v e s t i g a t i o n of l i n e a r r e c t a n g u l a r s y s t e m s d e s c r i b e d i n t h i s p a p e r .
The means f o r c o n d u c t i n g t h i s i n v e s t i g a t i o n will b e t o d e f i n e , s t u d y , and apply the concepts of complete maintainability and uniform complete m a i n t a i n a b i l i t y . A system that i s completely maintainable i s guaranteed to have a f e a s i b l e i n p u t p o l i c y s t a r t i n g from any s t a t e a t t h e i n i t i a l time increment. A completely maintainable system i s also uniformly completely maintainable if the s y s t e m s t a r t i n g from any s t a t e a t Increment k is c o m p l e t e l y m a i n t a i n a b l e , f o r k = O , l , ..., N-1.
The c o n c e p t s w i l l be examined in t h e c o n t e x t of a linear, discrete-time, state-space system with l i n e a r state e q u a l i t y c o n s t r a i n t s .
For t h i s case we are a b l e t o e s t a b l i s h an important connection between complete maintainability and uniform,comp l e t e m a i n t a i n a b i l i t y . F u r t h e r m o r e , i f the system i s i n a uniformly completely maintainable form, a l i n e a r f e e d b a c k c o n t r o l l a w fo.r optimizing a wellconditioned quadratic performance criterion can be derived.
M a i n t a i n a b i l i t y of Linear State-Space Systems
With S t a t e E q u a l i t y C o n s t r a i n t s
Consider a state-space system
w i t h e q u a l i t y c o n s t r a i n t s s u c h t h a t t h e state variables generated by (1) will s a t i s f y ( 2 ) .
Such a system is d e f i n e d t o b e completely maintainable.
A more r e s t r i c t i v e c l a s s of systems, which i s important for the existence of optimal feedback c o n t r o l laws, are systems described by (1) and
such that for any j, OcjlN-1, the system equations and constraints defined for k=j, ..., N-1 are completely maintainable for any x(j). W e define such systems to be uniformly completely maintainable. A v e r y u s e f u l c h a r a c t e r i z a t i o n of uniform complete maintainability is given by t h e following theorem:
Theorem 1:
A system described by
(1) and (2) is uniforml y c o m p l e t e l y m a i n t a i n a b l e i f a n d o n l y i f f o r e a c h k, 0 5 k LN-1, the space spanned by ck+l and t h e column v e c t o r s of F k+l % is spanned by t h e column vectors of F Proof:
k+l Bk'
From t h e d e f i n i t i o n of uniform complete maint a i n a b i l i t y , i t follows that f o r x ( j ) a t i n c r ement j , (2) must b e s a t i s f i e d f o r k = j . Using the system equation (l), t h i s i s e q u i v a l e n t t o s t a t i n g t h a t t h e r e m u s t e x i s t , f o r e v e r y x ( j ) , some u ( j ) s u c h t h a t
Hence t h e m a t r i x c o n d i t i o n g i v e n i n t h e t h e o r e m i s necessary for uniform complete maintainability.
S i m i l a r l y , i f ( 3 ) c a n b e s a t i s f i e d f o r a n y x ( j ) , j = O , ..., N-1, t h e c h o i c e o f u ( k ) a t i n c r ement k never precludes the existence of some u ( j ) , j > k , t h a t w i l l s a t i s f y (2) f o r x ( j + l ) . T h e r e f o r e , t h e m a t r i x c o n d i t i o n i s a l s o s u f f i c i e n t for uniform complete maintainability..
Complete maintainability does not always imply uniform complete maintainability, however i t does imply that ( 3 ) must be true for some x ( j ) and some u ( j ) , which gives the following theorem:
Theorem 2:
A system described by (1) and (2) i s completel y m a i n t a i n a b l e o n l y i f f o r a l l k , O(k(N-1, ck+l f a l l s i n t h e s p a c e spanned by t h e column vectors of F k+l% and Fk+lBk* According t o Theorem 1, a s u f f i c i e n t ( b u t n o t necessary) condition for uniform complete maintaina b i l i t y i s t h a t Fk+lBk h a s f u l l row r a n k f o r all
k. Suppose t h i s c o n d i t i o n d o e s n o t h o l d , t h e n i t is u s e f u l t o c i t e t h e f o l l o w i n g lemma:
L e m a 1:
The set o f c o n s t r a i n t s (2) f o r any uniformly completely maintainable system can be replaced by a s e t o f c o n s t r a i n t s
which a r e e q u i v a l e n t t o (2) w i t h r e s p e c t t o t h e system equation (11, and for which Fk+lBk has f u l l row rank. Therefore, the all-zero rows can be eliminated, leaving a new s e t where Fj+l i s replaced by F j +I 9 -and f o r which Fj+lBj h a s f u l l row rank.
Uniformly completely maintainable systems expressed by (1) and ( 4 ) a r e i n a convenient form for deriving feedback optimal control laws for state-space svstems with state c o n s t r a i n t s , as we w i l l demonstrate i n t h e n e
An important relationship i s given by the following theorem:
Theorem 3:
A system described by (1) and (2) is comp l e t e l y m a i n t a i n a b l e i f and only i f it can be transformed to a uniformly completely maintainable system by s h i f t i n g some of t h e c o n s t r a i n t s t o become new c o n s t r a i n t s on s t a t e v a r i a b l e s a t e a r l i e r time increments.
Proof: -C o n s i d e r t h e s e t of c o n s t r a i n t s on x ( j + l ) f o r any j , j = 0,. ..,N-1, expressed in the form of Equation ( 3 ) . Suppose Fj+lBj does not have f u l l row rank, and we perform the elementary row o p e r a t i o n s t o c r e a t e (51, t h e n ( 3 ) becomes: Equation ( 6 ) r e p r e s e n t s t w o sets of c o n s t r a i n t s : one set c o n s t r a i n i n g x ( j ) and u ( j ) and a second set c o n s t r a i n i n g j u s t x ( j ) . I f we "transf e r " t h e second set from being constraints on x ( j + l ) t o b e i n g c o n s t r a i n t s on x ( j ) , t h e remaini n g f i r s t s e t will s a t i s f y t h e u n i f o r m c o m p l e t e m a i n t a i n a b i l i t y p r o p e r t y a t j . However, we now have more c o n s t r a i n t s on x ( j ) .
N o n e t h e l e s s , we have not added any new c o n s t r a i n t s t o t h e o v e r a l l system, and t h e r e f o r e t h e c o m p l e t e m a i n t a i n a b i l i t y of the system must s t i l l hold. Therefore, by Theorem 2 , t h e c o m p o s i t e s e t of c o n s t r a i n t s on x ( j ) must have a f e a s i b l e s o l u t i o n .
The above procedure of transferring cons t r a i n t s f o r m s t h e b a s i s f o r a n a l g o r i t l m t h a t reformulates any completely maintainable system into an equivalent uniformly completely maintainable system. STEP 0. STEP 1. STEP 2. STEP 3.
STEP 4.
STEP 5.
Set k=N-1.
Consider Fk+l x(k+l) = I f Fk+lBk does not have full rank, perform the elementary row o p e r a t i o n s n e c e s s a r y t o c r e a t e ( 6 ) . I f Fk+lBk does have f u l l row rank, proceed t o STEP 4 .
Retain F x ( j + l ) = c a s t h e cons t r a i n t s on x ( j + l ) .
Add c o n s t r a i n t s $
A. x ( j ) = 2 t o t h e e x i s t i n g c o n s t r a i n t s on x ( j ) .
I f k = 0, proceed t o STEP 5. Okherwise, set k = k -1 , r e d e f i n e Fk+l and c a p p r o p r i a t e l y , and r e t u r n t o STEP 1.
I f STES 3 produced c o n s t r a i n t s on x(O),
by d e f i n i t i o n , c o m p l e t e m a i n t a i n a b i l i t y does not hold for the system. Otherwise, the system has been equivalently reexpressed as a uniformly completely maintainable system.
Lemma 1 and Theorem 3 i n d i c a t e t h a t any comp l e t e l y m a i n t a i n a b l e s y s t e m c a n b e e x p r e s s e d i n t h e form of (1) and ( 2 ) , where Fk+lBk h a s f u l l row r a n k a t a l l k. T h e r e f o r e , i n o u r d i s c u s s i o n of optimal control for completely maintainable systems, we w i l l assume t h i s f u l l row rank propert y w i t h o u t f u r t h e r j u s t i f i c a t i o n .
. Linear-Quadratic Problem for Completely Maintainable State-Space Systems With S t a t e E q u a l i t y C o n s t r a i n t s C o n s i d e r a s t a t e s p a c e s y s t e m with x(k+l)
u n i f o r m l y c w p l e t e l y m a i n t a i n a b l e c o n s t r a i n t s
W e a s s m e , by complete maintainability, that any necessary transfer of constraints has been accompl i s h e d , s u c h t h a t Fk+lBk h a s f u l l row r a n k a t a l l k.
Suppose we have t h e u s u a l q u a d r a t i c c r i t e r i o n of t h e form
o s i t i v e d e f i n i t e f o r a l l k. S i n c e t h e criter i o n is separable by time increments, we can use t h e dynamic programming approach
[l] where, by successive embedding, we compute the optimal input u(k) and optimal cost-to-go from any x ( k ) t o t h e f i n a l state at time N f o r k=N-1, N-2, ..., 0. W e assume t h i s o p t i m a l cost-to-go has the quadratic form:
s is where \ is p o s i t i v e s e m i -d e f i n i t e . W e now summarize t h e g e n e r a l r e s u l t we have established for constrained state-space systems.
By cons t r u c t i o n of t h e o b j e c t i v e f u n c t i o n , i t i s clear t h a t t h i s is
Theorem 4:
Given a completely maintainable system chara c t e r i z e d by (7) and (8) and a quadratic performance function (9), the optimal input i s a l i n e a r f u n c t i o n of t h e state, given by the feedback control law (25), and the optimal cost is given by (10) a t k = 0 i n terms of t h e i n i t i a l conditions.
It is i n t e r e s t i n g t o n o t e t h a t t h e f e e d b a c k c o n t r o l law will, i n g e n e r a l , h a v e a constant v e c t o r term. This is similar t o t h e r e s u l t o n e derives in unconstrained systems vhere one tries to "track" a non-zero t r a j e c t o r y .
Discussion
i n p u t s on which t-he c o n s t r a i n t s d e p e n d s c o n s t i t u t e a l i n e a r l y i n d e p e n d e n t set. The same c o n d i t i e n is d e s i r a b l e i n t h e c o n t i n u o u s -t i m e c a s e .
Schlueter and Levis (33 assumed a f u l l row rank property similar t o t h e s u f f i c i e n t c o n d i t i o n given for uniform complete maintainabil-ity, in the context of sampled-data processes.
The g o a l h e r e vas t o d e r i v e a n o p t i m a l a d a p t i v e r e g u l a t o r where one o r more of t h e o u t p u t s was s p e c i f i e d by t h e s a m p l i n g c r i t e r i o n . T h e i r f u l l row rank property, c a l l e d t h e s t r o n g s a m p l i n g c o n s t r a i n t c r i t e r i o n , was s u f f i c i e n t t o g u a r a n t e e t h e e x i s t e n c e of a f e a s i b l e t o n t r o l .
The complete maintainability concepts apply d i r e c t l y t o dynamic systems with constraints on i n p u t s as well as state v a r i a b l e s . In f a c t , t h e purpose of achieving a uniformly completely maint a i n a b l e system is t o c r e a t e a n e x p l i c i t depend e n c e o n t h e i n p u t s i n e a c h c o n s t r a i n t .
It a l s o a p p e a r s t h a t t h e m a i n t a i n a b i z i t y n o t i o n s w i l l g e n e r a l i z e t o dynamic systems w i t h i n e q u a l i t y c o n s t r a i n t s , a n d t h i s c a s e merits f u r t h e r i n v e st i g a t ion.
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